In this paper, we present a study on the factorial correlator and short-range correlation among the singly charged particles produced in 28 Si-Ag/Br interaction at 14.5 A GeV by using a set of nuclear emulsion data. Another set of data generated by a Monte Carlo code based on the ultra-relativistic quantum molecular dynamics model has been utilized for comparison with the experiment. In most cases the simulated result(s) cannot match the experimental counterpart(s). Several genuine non-statistical effects relevant to the short-range correlation and in particular to the one-dimensional intermittency phenomenon are observed from our analysis. Whenever needed, references to the results of similar experiments on high-energy interactions are given.
Introduction
The scaled factorial moment (SFM) and its scaling behavior with diminishing phase-space interval size (δ X ), known as the 'intermittency' phenomenon [1] , primarily deal with the short-range correlations among particles produced in high-energy interactions. The SFM is capable of suppressing any Poisson-type statistical noise present in the local density fluctuations and of characterizing the non-statistical component of the same in terms of a finite set of parameters. The SFM pertains to the particles falling within a particular phase-space interval and hence probes only the very-small-scale behavior of the conventional correlation integral. On the other hand, the twofold factorial moment or the factorial correlator (FC) can characterize the bin-to-bin correlation generated by the intermittent type of fluctuating patterns [2] . Therefore, it is considered to be a more fundamental statistical variable than the SFM, in the sense that it corresponds to the correlation among particles that are located at a distance larger than the scale size at which the correlation is being examined. Both the SFM and the FC are actually integrals of the same underlying correlation function, and this close relationship can be traced in the sum rules involving the two (to be described later). While both are sensitive to the projection (i.e. dimensional reduction) effects, they differ from each other only with respect to the respective domains of integration. To understand the dynamics of correlated particle emission, the SFM analysis has to be complimented by the corresponding FC analysis. In high-energy nucleus-nucleus (AB) collision the dominant contribution to non-statistical fluctuation comes from the Bose-Einstein (BE)-type correlation among identical mesons [3] . However, for non-identical charges and for an admixture of mesons belonging to different genre, as is the case for an emulsion experiment, the BE-type correlation is significantly weakened. If, in spite of that, a strong correlation among the emitted particles is observed in an experiment, then this should be attributed to some different dynamics.
The SFM of a particular order contains contributions from the lower-order moments. In order to measure genuine multiparticle correlation, all lower-order correlations must therefore be appropriately taken care of. The normalized cumulant moments (NCM) are capable of precisely serving this purpose [4] , and their δ X dependence can be studied to investigate the small phase-space structure of the particle correlation. Both the SFM and the NCM possess strong energy and order dependence, and owing to finite multiplicity both exhibit rapid fluctuation at small δ X . A new set of oscillatory moments (OMs) behaving more regularly even at small δ X are therefore introduced where such dependences are partially canceled [5] . In the literature, one may find a significant number of works related to the intermittency phenomenon. However, the same cannot be said for the FC analysis (see [6] for a review on the subject). Neither shall we find a large number of publications related to the factorial cumulants and (or) the OMs in high-energy interactions.
Very recently, we reported a one-dimensional (1D) intermittency and erraticity analysis of singly charged particles produced in the 28 Si-Ag/Br interaction at 14.5 A GeV [7] . Using the same set of data, in this paper we are going to present our results on the FC, the NCM and the OM analyses, each of which, in one way or the other, is closely connected to the intermittency and to the correlation among produced particles. To achieve completeness, the basic 1D intermittency result has also been incorporated in this work. The ultra-relativistic quantum molecular dynamics (UrQMD) code based on a microscopic transport model [8] is utilized for simulating data on 28 Si-Ag/Br interaction at 14.5 A GeV. The experimental results are always compared with the Monte Carlo (MC) simulation.
The motivation for carrying out this study was threefold. Firstly, most of the intermittency analyses performed so far were restricted mainly to the SFM analysis. The number of papers on FC, NCM and OCM analyses available in the literature, in particular in the AB interactions, is not too large. As mentioned before, in this paper we intend to extract information regarding the bin-to-bin correlations of a range longer than the scale at which the SFM is measured and to investigate their scaling properties. We also want to determine the true lower-order contribution towards higher-order correlation among the produced particles. If such correlations were found, they may ultimately lead to finding a common source of particle emission that is distributed over a longer range of space-time (or energy-momentum). Secondly, we would like to see whether or not the UrQMD, which has otherwise successfully reproduced significant collective behavior such as the particle flow in AB interactions, can also reproduce the multiparticle correlation. Last but not least, the compressed baryonic matter experiments on AB interactions are proposed to be held within the next five years or so. Obviously, for comparison purposes, published experimental results should be made available to the greatest extent possible, at a comparable energy scale (∼ 10 GeV per nucleon) where the baryon density is high. We feel the that results obtained from the alternating gradient synchrotron (AGS) experiments can suitably serve this purpose.
The paper is organized as follows. In section 2, the experiment and the gross data characteristics are outlined. In section 3, the salient features of the UrQMD code are briefly listed. In section 4, we introduce the basic statistical variables used and briefly explain the methodology adopted for the analysis. This section also contains a description of our results on FC, NCM and OM analyses. In section 5, we summarize our conclusions with some critical remarks on the present investigation.
Experiment
Stacks of Ilford G5 nuclear photo-emulsion pellicles of size 16 cm × 10 cm × 600 µm were horizontally irradiated with a 28 Si beam with an incident flux of 3 × 10 3 ions cm −2 and with an incident energy of 14.5 A GeV from the AGS at the Brookhaven National Laboratory [9] . The nucleon-nucleon (NN) center-of-mass energy is √ s NN = 5.382 GeV in our case. To find the primary 28 Si-emulsion minimum-bias events, Leitz microscopes with a total magnification of 300× were utilized, and the emulsion plates were scanned along the individual projectile tracks. No event occurring within (i) 25 µm from either the top or the bottom surface of an emulsion plate and (ii) 0.5 cm from the edge of an emulsion plate was considered in the event sample. Angle measurement and counting of tracks were performed by two independent observers under a total magnification of 1500× with the help of Koristka microscopes. The nuclear emulsion is 100% efficient in detecting charged particles. According to the emulsion terminology, tracks emitted from an interaction (called an event or a star) are classified into four categories, namely the shower tracks, the gray tracks, the black tracks and the projectile fragments.
1. The shower tracks are caused by produced particles (mostly charged mesons) moving with relativistic speed (β > 0.7). The ionization of a shower track I 1.4I 0 , where I 0 (≈ 20 grains per 100 µm) is the minimum ionization due to any track observed within a G5 plate. The total number of such tracks in an event is denoted by n s . 2. The black and gray tracks predominantly originate from the slowly moving protons and other heavier fragments belonging to the target. They fall within a velocity range from 0.7c to < 0.3c, for protons within a kinetic energy range from 400 MeV to < 30 MeV, and have ionization I > 1.4I 0 . The total number of such heavy fragments (i.e. black and gray tracks taken together) in an event is denoted by n h , and an event with n h > 8 will indicate that the interaction is with an Ag/Br nucleus. 3. The projectile fragments are the spectator parts of the incident projectile nucleus that do not directly participate in an interaction. They are emitted within a very narrow extremely forward cone whose semi-vertex angle (θ f = 0.21/ p inc ) is decided by the Fermi momenta of the nucleons present in the nucleus. Here p inc is the incident projectile momentum per nucleon in GeV/c. Having almost the same energy/momentum per nucleon as the incident projectile, these fragments exhibit uniform ionization over a long range and suffer negligible scattering. Their number in an event is denoted by n pf .
In an emulsion experiment, the pseudorapidity (η) is a convenient choice for the basic variable in terms of which the particle emission data can be analyzed. η is an approximation of the dimensionless boost parameter rapidity (additive under Lorentz boost) of a particle, and is related to the emission angle (θ ) of the corresponding shower track as
Following the above-mentioned criteria, a sample of 331 28 Si-Ag/Br events was considered for further analysis. The average shower track multiplicity for this sample is n s = 52.67±1.33, and the present analysis is confined only to the shower tracks. To avoid contamination between the single-charged produced particles and the spectator projectile protons, shower tracks falling within the Fermi cone were excluded from our analysis. The experimental η-distribution of shower tracks can be approximated by a Gaussian function with a centroid η 0 = 1.90, a width σ η = 2.17 and a peak density ρ 0 = 17.88. Nuclear emulsion plates offer 4π acceptance, and in spite of their many limitations they are superior to many of their big-budget counterparts in the sense that they also possess very good spatial/angular resolution between two tracks. When distributions of particles within narrow phase-space regions are to be investigated, these certainly are important advantages. An accuracy of δη = 0.1 unit and δϕ = 1 mrad could be achieved through the reference primary method of angle measurement. If two shower tracks fall on each other beyond the experimental resolution, then the combination may look like a single track with a higher ionization (I > 1.4I 0 ), and it will certainly fall into the category of gray tracks. Consequently, our correlation results will be underestimated. By generating random numbers we have tried to find out any discrepancy arising out of such probable omission(s) in the number of shower tracks in an event. We find that the contribution from such combinations to the n s value is marginal (∼0.2%). As a result, the moment values (SFM or FC) suffer only insignificant changes (at the third or fourth place after the decimal). For these reasons systematic errors in such investigations are usually not taken into account. Further details of the emulsion experiments can be found in [10] .
The simulation
High-energy AB collisions have been phenomenologically investigated in the UrQMD approach [8] . Basically, the UrQMD model is a microscopic transport theory of covariant propagation of all hadrons along their classical trajectories, combined with stochastic binary scattering, resonance decay and color string formation. In the mathematical framework of this scheme, a relativistic Boltzmann equation has to be solved for the hadrons in the final stage of the collision. The basic input to such hadronic transport models is that a hadron-hadron interaction would occur if the impact parameter b < √ σ tot /π, where the total cross-section σ tot depends on the isospin of interacting hadrons, their flavors and the center-of-mass energy involved. Partial cross-sections are also used to compute the relative weights of different channels. The Fermi gas model is utilized to describe the projectile and the target nuclei, the initial momentum of each nucleon being randomly distributed between zero and the local Thomas-Fermi momentum. Each nucleon is described by a Gaussian-shaped density distribution, and the wave function for each nucleus is taken as a product of single-nucleon Gaussian functions without invoking the Slater determinant necessary for antisymmetrization. In configuration space the centroids of the Gaussian are randomly distributed within a sphere, and finite widths of these Gaussians result in a diffused surface region. At low and intermediate energies ( √ s < 5 GeV) the phenomenology of hadronic interactions is described in terms of interactions between known hadrons and their resonances. At higher energies, √ s > 5 GeV, the excitation of color strings and their subsequent fragmentation into hadrons dominate the multiple production of particles. For AB collisions the soft binary and ternary interactions between nucleons are described by a non-relativistic density-dependent Skyrme potential. In addition, the Yukawa, Coulomb and Pauli (optional) potentials are also implemented in the model. These potentials allow us to calculate the equation of state of the interacting many-body system as long as it is dominated by nucleons. Note that the potential interactions are only used for baryons/nucleons with relative momenta p < 2 GeV/c. The model allows for subsequent rescattering(s). The collision term in the UrQMD model includes more than 50 baryon species and five meson nonets (45 mesons). The framework allows us to bridge with one concise model, the entire available range of energies from the Bevalac region (
Using the UrQMD code, we have simulated a sample of 28 Si-Ag/Br interactions at 14.5 A GeV events which is five times as large as the experimental sample. Events with Ag and Br target nuclei are first generated separately and thereafter they are mixed with each other according to their proportional abundance in nuclear emulsion to obtain a simulated sample similar to the experimental one. All newly produced charged mesons in the simulated events have been retained for subsequent analyses. The simulated event samples possess identical multiplicity distribution, and similar η-and ϕ-distributions as they are in the experiment. Obviously, the simulated average charged meson multiplicity n ch is the same as the experimental n s value. The centroid of the best Gaussian fitted η-distribution η 0 = 1.75 and the width of the η-distribution σ η = 2.15 are also close to the respective experimental values. The results on intermittency-related short-range correlation over the simulated event sample have been compared with those of the experiment. For analysis purposes (e.g. error calculation, etc) we have also generated purely statistical samples based on random numbers, where a pair of random numbers representing the η and ϕ variables has been associated with each track. The number of such generated event samples in the present case is ten, and each of them has the same size, possesses identical global multiplicity distribution, similar η-distribution (actually the best Gaussian fitted distribution) and similar ϕ-distribution (uniform) as the experimental sample. A linear congruential iterative method and an inverse of integral method have been used to generate these random numbers [11] . While generating the random numbers, no correlation has been assumed, and hence these data sets correspond to independent emission of particles.
Methodology and results

Intermittency
As mentioned above, the final state particle density is a result of a combinatorial effect of the statistical noise and perhaps more than one dynamical process. The SFM of order q is defined as
where the considered phase-space interval (say X ) is partitioned into M equal-sized sub-intervals, n m is the particle/shower track multiplicity in the mth such sub-interval of an event, the factorial n
, and denotes an averaging over the event space. It has been pointed out that an SFM is nothing but the ordinary moment of the dynamical component of the underlying single-particle density function, irrespective of its exact analytical form [6] . In the framework of intermittency the SFM should exhibit a power-law-type scaling behavior like
that indicates the self-similar nature of the particle density function. In case the density fluctuations are only of statistical origin, the F q values will remain independent of the resolution size δ X . In 1D analysis the positive valued intermittency exponent φ q is a scale invariant quantity. The power-law-type scaling as prescribed in equation (2) can be verified by studying the variation of F q with the phase-space partition number M. We have replaced our phase-space variable η by the cumulant variable X η [12] . As any cumulant variable is always uniformly distributed within [0, 1], by using them one can ensure the shape independence of the intermittency-related results. Now the global phase-space interval size X = 1, and the power-law behavior reduces to a simple linear relation like
In figure 1 , we have plotted ln F q against ln M in the η-space for q = 2, . . . , 5. The experimental results and the UrQMD simulated results are plotted side by side. The experimental and the simulated SFM both at M = 1 (not shown in the diagram) start with the same value. For each q, with increasing ln M, while there is a definite linear rise in the experimental ln F q values, the UrQMD-generated ln F q values, on the other hand, remain practically uniform over the entire range of ln M. The observation confirms the power law behavior in experiment and indicates almost no intermittency in the simulated data. The intermittency index φ q can be determined by making a linear fit of the data points presented in figure 1 . Their values, along with Pearson's R 2 coefficients which indicate the goodness of fit [13] , are presented in table 1. For each q, a straight line fit has been performed by excluding the region (i.e. the first three data points) where a substantial influence of the kinematic constraints may be present. The errors associated with F q values as shown in figure 1 , and those associated with the φ q values as quoted in table 1 are only of statistical origin. These errors are non-trivially estimated [14] by generating several independent event samples (in this case ten) using random numbers. For each individual randomly generated sample the F q and φ q values are first determined. Then the statistical spread about the respective mean values taken over 10 different samples are quoted as errors. In the errors so determined, there is no contribution from the dynamical part. Hence the errors are underestimated.
Factorial correlators
The dynamics of particle correlation beyond that obtained from the single-particle inclusive spectra can be investigated by studying the FC. As mentioned above, whereas the SFM can be used to measure the local density fluctuations, the twofold factorial moment or the FC can extract additional information on the bin-to-bin correlation between such fluctuations within an event. The FC is defined as [2] f pq = n
where n m (n m ) is the number of particles falling within the m(m )th bin. The FCs are calculated at a fixed resolution (say δ X ) and for each combination of non-overlapping pairs of intervals (e.g. mm ) that are separated by a distance D along the considered phase-space variable. Using cumulant variables [12] the translational invariance of particle density can be ensured, and for the sake of statistics the FCs can be averaged over all such combinations of bins as well as over the entire event sample. The multivariate correlatorf pq can then be normalized asF
is the single-variate factorial moment averaged over many equal-size phase-space intervals belonging to different events. As p = q,F pq as defined in equation (4) is not symmetric under the p ↔ q interchange. For experimental investigation the symmetrized correlator
is often used. According to a simple intermittency model (the α-model [2] ) F pq should depend on the correlation distance D but not on the interval size δ X . According to this model, as D approaches a small value the FC should follow a power-law-type dependence
In figure 2 , the experimental results as well as the UrQMD simulated results on how ln F pq depends on −ln D have been graphically presented for several different combinations of p and q. In the experimental case for each such combination with increasing −ln D one can see a rapid growth in the ln F pq value at the beginning, a saturation next, followed by a moderate but systematic linear rise at the end. Over the entire range of −ln D this variation may not be linear. But at the end when 1/D is large, the linear variation can be observed over a limited range. The exponents φ pq have been obtained by fitting straight lines to the data points only in the large −ln D region (the last five/six data points), a region that corresponds to short-range correlation. Once again the errors either in F pq or in φ pq are of statistical origin and are estimated by using the randomly generated data. For the UrQMD events, one can hardly see any variation in the ln F pq values with varying −ln D. The FC exponents φ pq and the R 2 values corresponding to the best linear fit are presented in table 2 both for the experiment and for the UrQMD. As expected, negligibly small values of φ pq in the simulated data show that the UrQMD model cannot reproduce the experimentally observed correlation effects among the final state charged mesons.
According to the α-model under a log-normal approximation the exponents φ pq should follow a sum rule like Therefore, the φ pq /φ 11 value should linearly rise with the product ( p · q), which can be used as a consistency check between the experimental data and the α-model. Such a plot for the experiment together with the UrQMD is given in figure 3 . The expected linear variation is satisfactorily ascertained by this plot. One also notes that the UrQMD line is well short of reproducing the experiment. Whereas both the experiment and the simulation are consistent with this prediction of the intermittency model, there exists a certain quantitative difference between the two. Another prediction of the α-model is that, for a fixed D, the correlators should be independent of δ X . This aspect has been verified in figure 4, where graphical plots of ln F pq at fixed D (= 0.05 and 0.1) and for several different values of ln δ X η are shown (once again only for the experiment). Within errors the δ X η independence of F pq is established. It has to be mentioned that such a property does not only hold for the α-model only, but is a feature of any model that takes short-range correlation into consideration. The α-model analysis also predicts a scaling relation between the single-variate SFM and the 2-variate FC that is independent of the dimension of the phase space [15] . If F 11 (D, δ X ) is effectively independent of δ X in a given range, say, δ X < D δ X 0 , then the following relation,
should hold. In figure 5 , we have shown such plots of the experimentally obtained and the UrQMD values of ln
One can see that the data points corresponding to either side of equation (8) fall almost over each other, thereby proving the validity of the scaling relation. Overall, our study on FC shows the presence of short-range correlation in the 28 Si-Ag/Br data, and gross features of the experiment are consistent with the predictions of the α-model. Due to intermixing of many sources of particle production in AB interaction, most of the long-range correlations have probably been smeared out. The UrQMD model, which does not take the BE-type (or any other type) correlation into account, cannot match the experimental observation. The present set of observations on FC is qualitatively consistent with those of similar studies in high-energy AB interactions [16, 17] .
Factorial cumulants and OMs
The effect of multiparticle correlation over and above any trivial background contribution(s) can be studied with the help of the normalized factorial cumulant moments (K q ). These cumulants provide a measure of genuine higher-order correlation beyond the contribution(s) from the lower order. In terms of K q the SFM of order q can be expanded into an iterative recurrence relation:
where F 0 = F 1 = K 1 = 1, and K 0 = 0. Successive terms in the expansion correspond to contributions from genuine 2, . . . , q-particle correlation. Experimentally following equation (1), first the F q values are calculated and then the corresponding cumulants are obtained from the following set of explicit relations:
where the bar average is defined as (AB
should therefore indicate presence of non-trivial correlation in the inclusive density distribution of particles.
In figure 6 we graphically present the variation of K q (q = 2, . . . , 5) with ln M for the present 28 Si-Ag/Br data. The errors shown in these diagrams and calculated by using the random number generated data sets are only of statistical origin [21] . The cumulants increase with diminishing phase-space interval size. While there are obvious statistically significant contributions coming from two-and three-particle correlation(s), the same cannot be said of q = 4 and 5. In these cases the K q values are either vanishingly small within errors (at wide δ X ) or the K 4 and K 5 values are associated with such large statistical uncertainties (in the narrow δ X interval) that it is difficult to draw any definite conclusion from the data. We do not attach much significance to the observation that at η ∼ 3.5 a few points suddenly rise above the neighboring points. The errors attached correspond to one standard deviation and any conclusion regarding a systematic behavior will be only at the ∼ 68% confidence level. While the present observation is consistent with a previously obtained AB result [18] , it is in contradiction with a few others [19, 20] .
It has been predicted by a parton shower cascade model based on quantum chromodynamics that the K q moments should oscillate irregularly around the zero value with the increasing order q [5] . Both F q and K q have strong energy and order dependence, and due to finite multiplicity in an event the high-rank moments are difficult to measure at high phase-space resolution. A new set of moments introduced as the cumulant to the factorial moment ratio,
shows a very interesting oscillatory behavior with q, which even at large q is also much more regular than F q or K q . The ratio reflects genuine q-particle correlation integral relative to the global correlation integral, and it is very sensitive to the tail of the multiplicity distribution. In the cases of high-energy e + e − , the hh and h A interactions oscillatory behavior of H q with increasing q around the zero value has been experimentally confirmed. Whereas for e + e − and hh interactions the oscillatory behavior has been attributed to the multicomponent structure of the particle production process [22] , in the h A case [23] the result has been explained in terms of a leading particle cascade model. In all cases, for each participating particle/nucleon either a negative binomial or a modified negative binomial multiplicity distribution or both have been successfully used.
In the present case of 28 Si-Ag/Br interactions, the variation of H q moments with order q is graphically presented in figure 7 , for the experiment as well as for UrQMD. Several η intervals such as η 0 − η cut η η 0 + η cut with η cut = 0.25, 0.5, 0.75 and 1.0, each centered about η 0 , have been chosen to examine the jet structure in the central particle-producing region. One can see that, after an initial fall, the H q values oscillate around the H q = 0 line. In the considered η-intervals there is always a marginal difference between the experiment and the UrQMD. However, the differences are not statistically significant. The extent of oscillation is large in the high-q region. When the η interval size is increased beyond η cut = 1.0 probably due to intermixing from different particle-producing sources, the correlation effects are washed out, and the experiment and the simulation start coinciding, showing only a small or no oscillation. Only a sharp fall from q = 2 to 4 is observed in these cases. We observe that the H q parameter is not a sensitive parameter that can filter out the correlation effects of the experiment from the simulation which is otherwise lacking any significant correlation.
Conclusion
In this paper, we have presented an intermittency-related correlation study of shower tracks (caused by singly charged produced particles) emitted from 28 Si-Ag/Br interactions at an incident energy of 14.5 A GeV. Several interesting features of particle correlation have been revealed from our analysis. To summarize, we observe the following.
(i) The 1D intermittency analysis shows the presence of non-statistical component in the particle density. The strength of such fluctuations is dependent more on the colliding system than on the collision energy. (ii) Our study on FCs shows that in addition to local fluctuations, bin-to-bin correlations are also present in the data. However, such correlation effects cease to exist beyond a small length in the η-space. The experimental results on FC are in conformity with the sum rules and the scaling laws of the α-model [2] . That the observed intermittency effects primarily result from two/three-particle correlation is verified from our results on the factorial cumulants. As expected, these correlations grow with diminishing phase-space interval size as it narrows down to the experimental resolution. There is an indication that higher-order (q > 3) correlations may also be present at small intervals. Due to large statistical errors the observation cannot be considered as significant. All these correlation effects could not be reproduced by the UrQMD code. (iii) The usual BE-type correlation between the like sign charge particles predominantly accounts for the particle correlation. Mixing different charge states, as is the case here, significantly reduces the correlation effects. If still such correlation effects are observed in experiment, then it certainly warrants special attention. (iv) The oscillatory nature of H q has been confirmed for the present data on AB interaction. However, in this case the difference between the experiment and the simulation (UrQMD) is insignificant. We observe that the OM cannot distinguish the present experimental result from the corresponding simulation.
The framework of the UrQMD code does not accommodate the BE correlation. It would be worthwhile to check whether by accommodating BE-type correlation into the MC code one can reproduce the experimental measurements. Until that is done, invoking any new physics, even as a speculative measure to interpret the data, would be inappropriate.
